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Abstract 

The paper is devoted to constructing a random exponential attractor 
for some classes of stochastic PDE's. We first prove the existence of an 
exponential attractor for abstract random dynamical systems and study 
its dependence on a parameter and then apply these results to a nonlin- 
ear reaction-diffusion system with a random perturbation. We show, in 
particular, that the attractors can be constructed in such a way that the 
symmetric distance between the attractors for stochastic and determinis- 
tic problems goes to zero with the amplitude of the random perturbation. 
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1 Introduction 

The theory of attractors for partial differential equations (PDE's) has been de- 
veloped intensively since late seventies of the last century. It is by now well 
known that many dissipative PDE possesses a minimal attractor, even if the 
Cauchy problem is not known to be well posed. Moreover, one can establish ex- 
plicit upper and lower bounds for the dimension of a minimal attractor. A com- 
prehensive presentation of the theory of attractors can be found in [CV02, SY02]. 
Similar results were also proved in the case of random dynamical systems (RDS) 
generated by stochastic PDE's, such as the Navier-Stokes system or reaction- 
diffusion equations with random perturbations; see [CF94, CDF97]. A drawback 
of the theory of attractors is that, in general, it is impossible to have any esti- 
mate for the rate of convergence to the minimal attractor. Furthermore, in the 
case of RDS, the attraction property holds when the initial time goes to —oo, 
whereas one is usually interested in the large-time asymptotics of solutions for 
the Cauchy problem with a fixed initial time. To remedy these shortcomings, a 
concept of exponential attractors was suggested in [EFNT94] for deterministic 
problems. In contrast to the attractors discussed above, they do not possess 
any minimality property, but still have a finite fractal dimension and, moreover, 
attract trajectories exponentially fast. Wc refer the reader to the review pa- 
per [MZ08] (and the references therein) for a detailed account of the results on 
exponential attractors obtained so far. 

The aim of this article is to construct finite-dimensional exponential attrac- 
tors for some classes of RDS and then to show that the general results are 
applicable in the case of reaction-diffusion equations. To be precise, let us 
consider from the very beginning the following problem in a bounded domain 
D C M" with a smooth boundary dD: 



Here u — . . . , it^)* is an unknown vector function, a is a A; x fc matrix such 
that a -f- a* > 0, / E C^(M'^,K'^) is a function satisfying some natural growth 
and dissipativity conditions, h(x) is a deterministic external force acting on 
the system, and 77 is a random process, white in time and regular in the space 
variables; see Section 2.2 for the exact hypotheses imposed on / and 77. The 
Cauchy problem (1.1)-(1.3) is well posed in the space H := L^(Z?,R'''), and 



u — aAu + f{u) 



h{x) + rj{t, x), 
0, 

uo{x). 



(1.1) 
(1.2) 
(1.3) 



m(0, x) 
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we denote by ^ = {ipt : H ^ H,t > 0} the corresponding RDS defined on a 
probability space {ft,J^,F) with a group of shift operators {6t : fl ^ U,t G K} 
(see Section 2.2). We have the following result on the existence of an exponential 

attractor for 

Theorem A. There is a random compact set M.^: C H and an event fJ, C 
of full measure such that the following properties hold for a; G 51*. 

Semi-invariance. (pf{Muj) C Metuj for all t > 0. 

Exponential attraction. There is /3 > such that for any ball B C H we have 
sup inf \\iptiu) - v\\ < C{B)e-f^\ t > 0, 

where C{B) is a constant depending only on B. 

Finite-dimensionality. There is a number d > such that dimf{A4uj) < d, 
where dimj stands for the fractal dimension of A4i^. 

Note that this type of results are well known for non- autonomous dynam- 
ical systems (e.g., see [EMZ05, MZ08]). An essential difference between non- 
autonomous and stochastic systems is that the latter deal with forces which are, 
in general, unbounded in time, and some key quantities can be controlled only 
after taking the time average. This turns out to be sufficient for the construction 
of an exponential attractor. 

Let us now assume that the random force rj in Eq. (1.1) is replaced by erj, 
where e G [— 1, 1] is a parameter. We denote by Mf^ the corresponding ex- 
ponential attractors. Since in the limit case e — the equation is no longer 
stochastic, the corresponding attractor Ai = is also independent of a;. A 
natural question is whether one can construct Aif^ in such a way that the sym- 
metric distance between the attractors of stochastic and deterministic equations 
goes to zero as e — > 0. The following theorem gives a positive answer to that 
question. 

Theorem B. The exponential attractors Ai^j, £ G [—1,1], can be constructed 
in such a way that 

d'^{Mlj,M.) — > almost surely as e ^ 0, 
where d^ stands for the symmetric distance between two subsets of H . 

We refer the reader to Section 4 for more precise statements of the results 
on the existence of exponential attractors and their dependence on a parameter. 
Let us note that various results similar to Theorem B were established earlier in 
the case of deterministic PDE's; e.g., see the papers [FGMZ04, EMZ05], the first 
of which is devoted to studying the behaviour of exponential attractors under 
singular perturbations, while the second deals with non-autonomous dynamical 
systems and proves Holder continuous dependence of the exponential attractor 
on a parameter. 
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We emphasize that the convergence in Theorem B differs from the one in 
the case of global attractors, for which, in general, only lower semicontinuity 
can be established. For instance, let us consider the following one-dimensional 
ODE perturbed by the time derivative of a standard Brownian motion w: 

ii = u — u'^ + ew. (1-4) 

When e = 0, the global attractor A for (1.4) is the interval [—1,1] and is regular 
in the sense that it consists of the stationary points and the unstable manifolds 
around them. It is well known that the regular structure of an attractor is very 
robust and survives rather general deterministic perturbations, and in many 
cases it is possible to prove that the symmetric distance between the attractors 
for the perturbed and unperturbed systems goes to zero; see [BV92, CVZ12]. On 
the other hand, it is proved in [CF98] that the random attractor A% for (1.4) 
consists of a single trajectory and, hence, the symmetric distance between A 
and Al; does not go to zero as e — J- 0. 

In conclusion, let us mention that some results similar to those described 
above hold for other stochastic PDE's, including the 2D Navier-Stokes system. 
They will be considered in a subsequent publication. 

The paper is organised as follows. In Section 2, we present some preliminaries 
on random dynamical systems and a reaction-diffusion equation perturbed by 
a spatially regular white noise. Section 3 is devoted to some general results on 
the existence of exponential attractors and their dependence on a parameter. 
In Section 4, we apply our abstract construction to the stochastic reaction- 
diffusion system (1.1)-(1.3). Appendix gathers some results on coverings of 
random compact sets and their image under random mappings, as well as the 
time-regularity of stochastic processes. 

Acknowledgements. This work was supported by the Royal Society- 
CNRS grant Long time behavior of solutions for stochastic Navier-Stokes equa- 
tions (No. YFDRN93583). The first author was supported by the ANR grant 
STOSYMAP (No. ANR 2011 BSOl 015 01). 

Notation 

Let J C M be an interval, let D C M" be a bounded domain with smooth 
boundary dD, and let X be a Banach space. Given a compact set K. C X, 
we denote by 'He(/C, X) its Kolmogorov e-entropy; see [Lor86]. If Y is another 
Banach space with compact embedding Y (s X, then we write He(y, X) for 
the e-entropy of a unit ball in Y considered as a subset in X. We denote by 
Bx{v,r) and Bx{v,r) the open and closed balls in X of radius r centred at v 
and by Or (A) the closed r- neighbour hood of a subset A C X. The closure of A 
in X is denoted by [A]x- Given any set C, we write #C for the number of its 
elements. 

We shall use the following function spaces: 
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]ji _ xp(£)) denotes the usual Lebcsguc space in D endowed with the standard 
norm || • \\lp- In the case = 2, we omit the subscript from the notation of the 
norm. We shall write Lp{D, R'') if we need to emphasise the range of functions. 
pj/s,p _ |ys.p(£)^ stands for the standard Sobolev space with a norm || • ||s p. In 
the case p = 2, we write = H^{D) and || • \\s, respectively. We denote by 
Hq = Hq{D) the closure in of the space of infinitely smooth functions with 
compact support. 

C{J, X) stands for the space of continuous functions f : J ^ X. 

When describing a property involving a random parameter lu, we shall as- 
sume that it holds almost surely, unless specified otherwise. Given a random 
function :£)—>■ X, we shall say that it is (almost surely) Holder-continuous 
if there is 7 € (0, 1) such that, for any bounded ball B c M", we have 

WfM - fMWx < - t2r, h,t2 e B, 

where = Cu{B) is an almost surely finite random variable. If / depends 

on an additional parameter y £Y (that is, / = f^.(t)), then we say that / is 
Holder-continuous uniformly in y if the above inequality holds for f^{t) with a 
random constant Cu{B) not depending on y. 

We denote by Cj and Cj unessential positive constants not depending on 
other parameters. 

2 Preliminaries 

2.1 Random dynamical systems and their attractors 

Let (n, T, P) be a complete probability space, {9i,t G M} be a group of measure- 
preserving transformations of fl, and X be a separable Banach space. Recall 
that a continuous random dynamical system in X over {9t} (or simply an RDS 
in X) is defined as a family of continuous mappings ^ = {y>" : X ^ X,t > 0} 
that satisfy the following conditions: 

Measurability. The mapping {t,w,u) fti'^) from M+ x x X to X is 
measurable with respect to the cr-algebras Bu_^ J" (8) Bx and Bx ■ 

Perfect co-cycle property. For almost every lo Gfl, we have the identity 

^r+. = v?^"°v^ t,s>o. (2.1) 

Time regularity. For almost every oj £ fl, the function (t, r) M- ip^^^{u), 
defined on M_|_ x K with range in X, is Holder-continuous with some deter- 
ministic exponent 7 > 0, uniformly with respect to u G /C for any compact 
subsets )C C X. 

An example of RDS is given in the next subsection, which is devoted to some 
preliminaries on a reaction-diffusion system with a random perturbation. 
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Large-time asyniptotics of trajectories for RDS is often described in terms of 
attractors. This paper deals with random exponential attractors, and we now 
define some basic concepts. 

Recall that the distance between a point u € X and a subset F C X is given 
by d{u,F) = inf^gj? \\u — v\\. The Hausdorff and symmetric distances between 
two subsets is defined by 

d(Fi,F2) = sup rf(w,F2), 

ueFi 

d%Fi,F2) = ma,x{d{FuF2), d{F2,Fi)}. 

We shall write dx and d%^ to emphasise that the distance is taken in the metric 
of X. Let {Mu},io G fl} he a, random compact set in X, that is, a family of 
compact subsets such that the mapping co i->- d{u,A4u) is measurable for any 
u€X. 

Definition 2.1. A random compact set {A^t^} is called a random exponential 
attractor for the RDS {(ft} if there is a set of full measure fi* € such that 
the following properties hold for w G f2*. 

Semi-invariance. For any t > 0, wc have (p'^{A4lj) C A^etw 
Exponential attraction. There is a constant /3 > such that 

d{^t{B), Me.u.) < C{B)e-^' for t > 0, (2.2) 

where S c i? is an arbitrary ball and C{B) is a constant that depends 
only on B. 

Finite-dimensionality. There is random variable d^ >0 which is finite on J7* 

such that 

dimf{Mu;) <d^. (2.3) 

Time continuity. The function t d^^Motu, -Moj) is Holder-continuous on K 
with some exponent i5 > 0. 

We shall also need the concept of a random absorbing set. Recall that a 
random compact set Acj is said to be absorbing for ^ if for any ball B C X 
there is T{B) > such that 

<pt{B)cAe,<^ iovt>T{B),uj en. (2.4) 

All the above definitions make sense also in the case of discrete time, that is, 
when the time variable varies on the integer lattice Z. The only difference is 
that the property of time continuity should be skipped for discrete-time RDS 
and their attractors. In what follows, we shall deal with both situations. 
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2.2 Reaction-diffusion system perturbed by white noise 



Let D C M" be a bounded domain with a smooth boundary dD. We consider the 
reaction-diffusion system (1.1), (1-2), in which u = (ui, . . . , u^,)* is an unknown 
vector function and a is a fc x A: matrix such that 

a + a*>0. (2.5) 

We assume that / G C^(M'',M'^) satisfies the following growth and dissipativity 
conditions: 

{f{u),u)>-C + c\u\P+\ (2.6) 
f{u) + nuf>~CI, (2.7) 
\r{u)\<C{l + \u\Y-\ (2.8) 

where (•, •) stands for the scalar product in M*^, f'{u) is the Jacobi matrix for /, 
/ is the identity matrix, c and C are positive constants, and < p < ^^rf- As 
for the right-hand side of (1.1), we assume h G i^(Z),R'') is a deterministic 
function and ry is a spatially regular white noise. That is, 

V{t,x) = Qiat,x), C{t,x) ^Y.^,p,{t)e,{x), (2.9) 

where {/3j(i),t £ M} is a sequence of independent two-sided Brownian motions 
defined on a complete probability space ($7, P), {cj} is an orthonormal basis 
in L'^{D,M.^) formed of the eigenfunctions of the Dirichlet Laplacian, and bj are 
real numbers satisfying the condition 

CO 

%:=^b]<oo. (2.10) 
i=i 

In what follows, we shall assume that (J7, J^, P) is the canonical space; that is, 
17 is the space of continuous functions ijj : M. ^ H vanishing at zero, P is the 
law of C, (see (2.9)), and J- is the P-completion of the Borel cr-algebra. In this 
case, the process C can be written in the form C"(0 = ^{^)^ and a group of 
shifts 6t acts on D, by the formula {9tuj){s) ~ uj{t + s) — uj{t). Furthermore, it 
is well known (e.g., see Chapter VII in [Str93]) the restriction of {Ot,t € R} to 
any lattice TZ is ergodic. 

Let us denote H = L'^{D,'R.^) and V = H^{D,R''). The following result 
on the well-posedness of problem (1.1)- (1.3) can be established by standard 
methods used in the theory of stochastic PDE's (e.g., see [DZ92, Fla94]). 

Theorem 2.2. Under the above hypotheses, for any uq E H there is a stochas- 
tic process {u{t),t > 0} that is adapted to the filtration generated by C.{t) and 
possesses the following properties: 

Regularity: Almost every trajectory of u{t) belongs to the space 

X = C(M+, ff) n LlM+.v) n Lf+'(i»+ x d). 
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Solution: With probability 1, we have the relation 



u 



(t) = + / [aAu - f{u) + h)ds + C{t), t > 0, 







where the equality holds in the space H ^{D). 

Moreover, the process u(t) is unique in the sense that if v(t) is another process 
with the same properties, then with probability 1 we have u{t) = v{t) for allt > 0. 

The family of solutions for (1.1), (1-2) constructed in Theorem 2.2 form an 
RDS in the space H. Let us describe in more detail a set of full measure on 
which the perfect co-cycle property and the Holder-continuity in time are true. 

Let us denote by z = z'^{t) the solution of the linear equation 



supplemented with the zero initial and boundary conditions. Such a solution 
exists and belongs to the space y := C(M-|_, H)r\Lf^^(R+, V) with probability 1. 
Moreover, one can find a set 57, £ 7^ of full measure such that 0f (il,) = f2, for 
alH e R and 6 3^ for w e fi,. We now write a solution of (1.1)-(1.3) in the 
form u — z + V and note that v must satisfy the equation 



For any a; £ fi* and uq G H, this equation has a unique solution w G <-f issued 
from Uq- The RDS associated with (1.1)-(1.2) can be written as 



Then # = {ift,t > 0} is an RDS in the sense defined in the beginning of 
Section 2.1, and the time continuity and perfect co-cycle properties hold on f2*. 

3 Abstract results on exponential attractors 

3.1 Exponential attractor for discrete-time RDS 

Let iJ be a Hilbert space and let <P' = {V'fc-fc G ^+} be a discrete-time RDS 
in H over a group of measure-preserving transformations {cr/c} acting on a com- 
plete probability space (57, 7^, P). We shall assume that satisfies the following 
condition. 

Condition 3.1. There is a Hilbert space V compactly embedded in H, a ran- 
dom compact set {-4t^}, and constants m, r > such that the properties below 
are satisfied. 

Absorption. The family {-4^^} is a random absorbing set for 



z — aAz = h + rj{t), 



(2.11) 



V - aAv + f{z + w) = 0. 



(2.12) 




for G 57,, 
for ^ 57,. 
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Stability. With probabihty 1, we have 

i^'^iOriA^)) cAa,^. (3.1) 

Lipschitz continuity. There is an ahnost surely finite random variable if^ > 1 
such that e L'^{n,¥) and 

\\^P'^{UI)-^P-^{U2)\\V <KJui-U2\\h fOY Ui,U2eOr{A^). (3.2) 

Kolmogorov e-entropy. There is a constant C and an almost surely finite random 
variable such that C^K^ G L^{^J), 

n,{V,H) <Ce-'", (3.3) 
nM^,H)<C^e-'''. (3.4) 

The following theorem is an analogue for RDS of a well-known result on the 
existence of an exponential attractor for deterministic dynamical systems; e.g., 
see Section 3 of the paper [MZ08] and the references therein. 

Theorem 3.2. Assume that the discrete-time RDS ^ satisfies Condition 3.1. 
Then ^ possesses an exponential attractor Aiui- Moreover, the attraction prop- 
erty holds for the norm of V : 

dv{mB),M„,^) <C{B)e-^'' fork>0, (3.5) 

where B G H is an arbitrary ball and C{B) and /3 > are some constants not 
depending on k. 

The proof given below will imply that (3.5) holds for B = Au: with C{B) = r, 
and that in inequality (3.5) the constant in front of e~^'' has the form 

C{B) = 2^(^V, (3.6) 

where T{B) is a time after which the image of the ball B under the mapping -0^ 
belongs to the absorbing set A^-ti^- Furthermore, as is explained in Remark 3.4 
below, under an additional assumption, the fractal dimension dimy(A^[^) can 
be bounded by a deterministic constant. 

Proof. We repeat the scheme used in the case of deterministic dynamical sys- 
tems. However, an essential difference is that we have a random parameter and 
need to follow the dependence on it. In addition, the constants entering various 
inequalities are now (unbounded) random variables, and we shall need to apply 
the Birkhoff ergodic theorem to bound some key quantities. 

Step 1: An auxiliary construction. Let us define a sequence of random finite 
sets Vk{i^) in the following way. Applying Lemma 5.1 with 5^, = {2Kuj)^^r to 
the random compact set A^j, we construct a random finite set Ua{uj) such that 

d'{A^,Uo{uj)) <S^, (3.7) 
ln(#{/o(^)) < 2™a^J" < (4/r)"C7.if™. (3.8) 
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Since > 1, we have 5^ < r/2, whence it fohows that C/o(w) C Or{Auj)- 
Setting Vi{aiuj) — ipi{Un{uj)), in view of (3.1), (3.2), and (3.7), we obtain 

V'r(^c.)c U Bv{u,r/2)=:Ci{Lj), Vi{aiuj) C 0^/2(1^'^ (A^)) n A^,^. 

Now note that Ci{uj) is a random compact set in H. Moreover, it follows 
from (3.3) and (3.8) that 

< (i/rrC^K^ + (r/2)"'C£~™. (3.9) 

Applying Lemma 5.1 with S^^ — (4Xcrnj)^^'' to Ci(w), we construct a random 
finite set Ui{uj) such that 

ln(#C/i(c.)) < Hs^^2{Ci{uj),H) < {A/rY^C^Kj: + 2"^CK^^^. 
Repeating the above argument and setting V2{(T2^) — V-'i^"(t^i(w)), we obtain 
V'r"(Ci(c.)) C y Bv{u,r/A)=:C2{uj), 

V2{<J2UJ) C Or/i{^j'['^{Ci{uj))nA Gilo- 

Moreover, C2(w) is a random compact set iJ whose e-entropy satisfies the in- 
equality (cf. (3.9)) 

< (i/ry^C^KZ' + i'^CK^^^ + (r/4)'"Ce-'". 

Iterating this procedure and recalling that cife : 51 — s- f2 is a one-to-one transfor- 
mation, we construct random finite sets Vfe(aj), fc > 1, and unions of balls 

such that the following properties hold for any integer fc > 1: 

rk{A^) c Ck{u). (3.10) 

Vk{L0) C 021-..(^r"'"(Cfc_l((7l_fcC^))) n^^, (3.11) 

H#Vk{oj)) < (4/r)'"C._,.X:"_,^ +2™C^if™_,^. (3.12) 

Step 2: Description of an attractor. Let us define a sequence of random 
finite sets by the rule 

Ei{u)^Viiu), Ek{u)=Vk{uj)Ui;l-'^{Ek-i{a^iLu)), fc > 2. 
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The very definition of Ek implies that 

^^(Ekiio)) cEk+iia^Lj). (3.13) 
and since ^Vk{uj) < ^Vk+i{<TiUj), it follows from (3.12) that 
ln{ifEk{u)) <\nk + \n{WkH) 

k-l 

< lnfc+ (4/r)"a_../C_.. + 2"C^if:!;_^^. (3.14) 

i=i 

Furthermore, it follows from (3.10) that 

dy(i/;^(^„),Ffc(fTfew)) <2-V, fc>0. (3.15) 
We now define a random compact set A4cj hy the formulas 

oo 

M^^[M'^]^, M'^ = U E,{cu). (3.16) 

fc=i 

We claim that M-^ is a random exponential attractor for ^. Indeed, the semi- 
invariance follows immediately from (3.13). Furthermore, inequality (3.15) im- 
plies that 

dv{iJki-^'^),Ma,u) <2-''r foranyfc>0. 

Recalling that Ai^ is an absorbing set and using inclusion (2.4), together with 
the co-cycle property, we obtain 

where T = T(B) is the constant entering (2.4). This implies the exponential 
attraction inequality (3.5) with /3 — In 2 and C{B) — 2"^'^V. It remains to 
prove that has a finite fractal dimension. This is done in the next step. 

Step 3: Estimation of the fractal dimension. We shall need the following 
lemma, whose proof is given at the end of this subsection. 

Lemma 3.3. Under the hypotheses of Theorem 3.2, for any integers I > 0, 
fc e Z, and m £ [0, 1], we have 

I 

dv{Eu{akUj),rri-^{A.,^^^^))<2'-^''-'\\lK,,_^^. (3.17) 

Inequality (3.17) with m ~ I and lo replaced by cr-fccj implies that 

I 

dv{Ek{io),^P^-'^{Aa_,u:)) < 22-('=^'V J]^^-.-, (3.18) 
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where fc > 1 is arbitrary. On the other hand, in view of (3.15) with k = / and 
uj replaced by cj-iuj, we have 

dv{rr'"'{A,_,^),Vi{Lo)) <2-'r. 

Combining this with (3.18), we obtain 



dvi U Ek{u:),Vi{^) \ <r(2-' + 22-(«-')[]if,_^„j, (3.19) 

^k>n ' j=l 

where n > 1 and I G [1, n] are arbitrary integers. Since {£"^(0;)} is an increasing 
sequence and Vi{uj) C Ei{uj) C Ai^j for any I >1, inequahty (3.19) imphes that 

/ " \ ' 

dV(M^,\JViiu)] <r^inf (2-'+22-("-')[]i^,_^.^) £„(^), (3.20) 

where n > 1 is arbitrary. If we denote by Ni,(lo) the minimal number of balls of 
radius e > that are needed to cover M.uii then inequality (3.20) implies that 
< ELi#"^'fcH- Since C and ^Y^{lo) > Wk-ii^-Ho), it 
follows from (3.12) that 

lniV,„(^)(w) < ln(n#S„(c^)) < \n{n^ #Vn{^)) 

ri-l 

< 21nn+ (4/r)™C._„./C_„. + 2'"C^if™^^. (3.21) 

Since if™ £ L'^{n, P), by the Birkhoff ergodic theorem (see Section 1.6 in [Wal82]), 
we have 



1 

lim -Y,K^_,^=U (3.22) 



n 



where is an integrable random variable. This implies, in particular, that 
n~^K^_^^ — >• as n ^> 00. By a similar argument, n~^Ca_^ujK^_^^ as 
n — > 00. Combining this with (3.22) and (3.21), we derive 

lniV,„(„)(w) < 2™Ce^n + o^(n), (3.23) 

where, given a e R, we denote by Oi^(n") any sequences of positive random 
variables such that n^"0(^(n") — > a. s. as n — > 00. On the other hand, since 
the function log2 x is concave, it follows from (3.22) that 

; ( 

J J2 l0g2 K^-^u: < log2(y ^-.-) = l°g2(^^ + 0^)) , (3-24) 

whence we conclude that the random variable £„ defined in (3.20) satisfies the 
inequality 

e„(w)<r inf (2"' + 4 • 2-("-') (^^ + 0^(1))'/") . 
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Taking I = 'mn{2m + log2(^tj + Ooj{l))) ^, we obtain 

, , / mn In 2 \ , ^ 

e„H<5exp--— . 3.25 

V 2rn + log2(4a; + Ocj(l))^ 

Combining this inequality with (3.23), we derive 

biiV,„(^)H 2"Ce<.(lne<. + 2m) , 
ri^oo lne„^(a;) mln2 

It is now straightforward to see 

dim/(A^ij) = hmsup < d^. (3.26) 

The proof of the theorem is complete. □ 

Remark 3.4. It follows from (3.26) that if the random variable entering the 
BirkhofF theorem is bounded (see (3.22)), then the fractal dimension of Ad^, 
can be bounded by a deterministic constant. For instance, if the group of shift 
operators {crk} is ergodic, then is constant, and the conclusion holds. This 
observation will be important in applications of Theorem 3.2. 

Proof of Lemma 3.3. The co-cycle property (2.1) and inclusion (3.1) imply that 
V'm ~'"'^(^(Tfc_„Lj) 3 V-'f*' '"("^o-fc-!") for m < I. Hence, it suffices to estab- 
lish (3.17) for TO = L 

We first note that inequality (3.2), inclusion (3.11), and the definition of Cfc(a;) 
imply that ^ 

dy(K(c^),<-^"(K-i(^T-ic^)) < 22-"rif,_^„, 

where n > 1 is an arbitrary integer, and we set Vq{lj) — Uq{uj). Combining this 
with (3.2) and the co-cycle property, for any integers rt > 1 and q>Q we derive 

dy(V',"(F„(c.)),V';;r(^n-i(<^-i^)) <22-"rni^,^_,„. (3.27) 

Applying (3.27) to the pairs [n^q) — [k ~ i — . . . ,1 — 1, with uj replaced 
by ak-ii-^, using the triangle inequality, and recalling that K;^ > 1, we obtain 

dv(yfe(a,^),V'r^'"(^fe-;K-(^))) <rE2'"'+*n^'--^+.-- 

i=0 j=0 

<22-('=-').nx,,_^.„, 



^In the case n = 1, the left-hand side of this inequaUty is zero. 
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where fc > 1 and p € [1, fc] are arbitrary integers. A similar argument based on 
the application of (3.27) to the pairs (n, g) = (fc — s — i, s + i), i = 0, . . . , / — s — 1, 
with UJ replaced by ak-s^, enables one to prove that for any integer n G [1, k] 
we have 

I 

i=i 

(3.28) 

where s e [0,Z — 1] is an arbitrary integer. RecaUing that Vn{uj) C for any 
n > 1 (see (3.11)), we deduce from (3.28) that 

dy(C=-=-(l-,_,(a,_,^))>r'-'"(A._,.)) < 2'~^'^-'\l[K,,_^^ (3.29) 

for any integer s G [0, fc — 1]. Since 

s=Q 

inequality (3.29) immediately implies (3.17) with m = I. □ 

3.2 Dependence of attractors on a parameter 

We now turn to the case in which the RDS in question depends on a parameter. 
Namely, let y C M and T C M be bounded closed intervals. We consider a 
discrete-time RDS = {V'fc'" : H ^ H. k > 0} depending on the parameter 
y € Y and a family of measurable isomorphisms {Or : f2 — > r2,r € T}. We 
assume that 6^ commutes with cti for any t G T, and the following uniform 
version of Condition 3.1 is satisfied. 

Condition 3.5. There is a Hilbert space V compactly embedded in H, almost 
surely finite random variables R-^jRuj > 0, and positive constants m, r, and 
a < 1 such that i?^ < Ri^ for all y G F, and the following properties hold. 

Absorption and continuity. For any ball B <Z H there is a time T{B) > such 
that 

^l^^'-i^B) C Al for fc > T(B), y G y, T e r, w G ri, (3.30) 

where we set A^ = Bv{RZ)- Moreover, there is an integrable random 
variable L^^ > 1 such that 

- RlJ < ^412/1 - + In - (3.31) 
for 2/1,2/2 G Y, Ti, T2 G T, and w G il. 
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Stability. With probability 1, we have 

ri^iOAAD) CA^^^ former. (3.32) 

Holder continuity. There are almost surely finite random variables K^jKi^ > 1 
such that Ry < for all y G F, [RKY^ e L\n,¥), and 

lK''^^"(ui)-<''-"(t.2)||y <i^2-^^(|2/i-y2r + |Ti-r2|" + ||ui-U2||/^) 

(3.33) 

for 2/1, 1/2 e Y, Ti,T2 e T, ui,U2 e OriA^} U^^^), and lj e VL, where we 
setRVj^y- =TnB.^{Ky\Kyj). 

Rolmogorov e-entropy. Inequalities (3.3) holds with some C not depending on e. 

In particular, for any fixed y G Y, the RDS tf'^ satisfies Condition 3.1 
and, hence, possesses an exponential attractor A^*^. The following result is 
a refinement of Theorem 3.2. 

Theorem 3.6. Let^y be a family of RDS satisfying Condition 3.5. Then there 
is a random compact set (y, ui) H> Ai-^ with the underlying space Y x D, and a 
set of full measure f2* S such that the following properties hold. 

Attraction. For any y Cz Y , the family {A4^} is a random exponential 
attractor for \^y . Moreover, the attraction property holds uniformly in y and lo 
in the following sense: for any ball B <Z H there is C{B) > such that 

sup dv irk ^{B), Ml^^) <C{B)e-^'' for k > 0, lo e Q,, (3.34) 

where f5 > is a constant not depending on B, k, y, and uj. 

Holder continuity. There are finite random variables Pui and juj G (0, 1] 

such that 

dl.{Myj,Myj)<Pjyi-y2\''- for yuy2 e Y , lu e n,. (3.35) 

//, in addition, the random variable entering (3.22) is bounded, then juj can 
be chosen to be constant, and we have the inequality 

dviMl^^,Ml^J < Q^\n - for y&Y, ri,T2 G T, w G n,, (3.36) 

where 7 g (0, 1], and Qi^ is a finite random constant. 

In addition, it can be shown that all the moments of the random variables Pi^ 
and Qi^ are finite. The proof of this property requires some estimates for the rate 
of convergence in the Birkhoff ergodic theorem. Those estimates can be derived 
from exponential bounds for the time averages of some norms of solutions. Since 
the corresponding argument is technically rather complicated, we shall confine 
ourselves to the proof of the result stated above. 



15 



Proof of Theorem 3. 6. To establish the first assertion, we repeat the scheme 
used in the proof of Theorem 3.2, applying Corollary 5.3 and Lemma 5.5 instead 
of Lemma 5.1 to construct coverings of random compact sets. Namely, let us 
denote by Uj^{u}), V^{uj), and Cfluj) with y E Y the random sets described in 
the proof of Theorem 3.2 for the RDS . In particular, Ul{oj) is a random 
finite set such that 

d'{Ul{uj),Cl{Lo)) < {2^+'K,,^y\, > 0, (3.37) 

where Cq{uj) = Aj^j and 

Cliu^)^ U i?yK2-V), lfK..)=Vr^''-^"(t/Li(^)) (3.38) 

for fc > 1. We apply Corollary 5.3 to construct a random finite set R i-^ J7o,fl 
satisfying (5.14)-(5.16) with 6 = ^^'^ then define Uq{(jj) :— Uq^j^v. The 
subsequent sets Uj!{uj), k > 1, are constructed with the help of Lemma 5.5. 
What has been said implies the following bound for the number of elements 
of Uyico) (cf. (3.12)): 

k 

ln(#C/,^(c.)) < 4(f + 4'"C^ i^-^, 

i=i 

where = C(i?^)'". This enables one to repeat the argument of the proof 
of Theorem 3.2 and to conclude that the random compact set defined by rela- 
tions (3.16) is an exponential attractor for iP'^ (with a uniform rate of attrac- 
tion). 

We now turn to the property of Holder continuity for A^^ . Inequalities (3.35) 
and (3.36) are proved by similar arguments, and therefore we give a detailed 
proof for the first of them and confine ourselves to the scheme of the proof for 
the other. Inequality (3.35) is established in four steps. 

Step 1. We first show that 

d\,{V^^{u),vy^u:)) < |yi -y2r^ri^— (^.39) 

3 = 1 1=1 

where — ?/2| < 1- The proof is by induction on fc. For fc = 1, the random finite 
set Uq{uj) does not depend on oj. RecaUing that V^{uj) = '!/'i''^"^"(C^o(o'ct_iW)) 
and using (3.33), for lyi — 2/2! < 1 we get the inequality 

di,{vr{Lo),Vriuj)) < -2/21", 

which coincides with (3.39) for fc = 1. Assuming that inequality (3.39) is estab- 
lished for 1 < fc < m, let us prove it for fc = m -I- 1. In view of Lemma 5.5, the 
random finite set Uf^{uj) satisfying (3.37) can be constructed in such a way that 

{uyi (uj), uy^ {io)) < d^ {yy^ (a„,c.), Kf (a„,c.)) . 
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Combining this with (3.33), we see that 

Using inequahty (3.39) with k = m and cj replaced by a-iu to estimate the 
second term on the right-hand side, we arrive at (3.39) with k = jn + 1. 
Step 2. We now prove that 

n k 

dUMl\Myj)<2en{u:) + \yi-y2rY.^X{K,_^^, (3.40) 

fc=i 1=1 

where n > 1 is an arbitrary integer and en(w) is defined in (3.20). Indeed, 
inequahty (3.20), which was proved in the case of a single RDS, remains true in 
the present parameter-dependent setting: 

^ fc=l ^ 
Combining this with (3.40) and the obvious inequality 

dUAi U ^2, Bi U B2) < d'y{Ai,Bi) + dUA2,B2), 

we derive 

n 

dUMl^Myj) < 2£„(c.) + ^ dUV,y^{u), T/f (..)). 

Using (3.39) to estimate each term of the sum on the right-hand side, we arrive 
at (3.40). 

Step 3. Suppose now we have shown that 

n k 

^fc[]i^,_^„ <exp(Cn), n>l, (3.41) 

k=l 1=1 

where (^^ > 1 is a sequence of almost surely finite random variables such that 
lim C" =: ('tj < 00 with probability 1. 

In this case, combining (3.40) with (3.25) and (3.41), we derive 

dUMl\Myj) < 10exp(-,7^j)+exp(Cn)|yi -2/21", (3.42) 
where we set 

mln2 



2m + \og2{iu.+o^{l)y 
We wish to optimize the choice of n in (3.42). To this end, first note that 

^■ n mln2 

hm -q^ = — — > 0. 

im + log2 E,uj 
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Let ni{uj) > 1 be the smallest integer such that 

C<2C, vZ>Y forn>niH, (3.43) 

and let 712(0;, r) be the smallest integer greater than 2'r]~^ji^hir^^ , where the 
small random constant 7^; > will be chosen later. Note that if 



r <T^ -.^ exp(- 



27„ 



then ri2(aj,r) > ni(a;). Combining (3.42) and (3.43), for \yi — y2\ < and 
n = n2{Lu, \yi — J/2I), we obtain 

dl,iMl\Myj) < 10exp(-ry^n/2)+exp(2Cn)|yi -2/2!" 

<10|yi-y2r- + |2/i-2/2r-''^-^-/''-. 

Choosing 
we obtain 

dt.{Ml\Myj) < 11 \yi - y2\^- for \yi - y2\ < r.. 

This obviously implies the required inequality (3.35) with an almost surely finite 
random constant Puj. 

Step 4- It remains to prove (3.41). In view of (3.24), we have 

k 

=^ forl<A;<n. (3.45) 

It follows that 

n k 



fe=l 2=1 

whence we obtain (3.41) with 

C = + = - InC-. (3.46) 

m 

This completes the proof of (3.35). It is straightforward to see from (3.44) and 
the explicit formulas for and rjui that if > 1 is bounded, then 7^^ can be 
chosen to be independent of lo. 

We now turn to the scheme of the proof of (3.36). Suppose we have shown 
that (cf. (3.39)) 

dl,{Vy{er,Lo),Vy{er,uj)) < Dk{uj)\Ti - r2 for yeY, jn - T2\ < 1, (3.47) 
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where we set 

k k j 

Dk{u) = cL,_,^Y[K^_^^ (3.48) 

i—l J — 1 i— 1 

and c > 1 is the constant in (5.12). In this case, repeating the argument used 
in Step 2, we derive (cf. (3.40)) 

dlriMl^^,Ml^J<en{er,uJ) + en{er,Lo) + D,,iu)\T^-T2r, (3.49) 

where n > 1 is an arbitrary integer and £,i(w) is defined in (3.20). If we prove 
that (cf. (3.41)) 

Z?„(w) < exp(C n), Urn C = CeR+ a. s., (3.50) 

n— f oo 

then the argument of Step 3 combined with the boundedness of imphes the 
required inequahty (3.36). To prove (3.50), note that, by the Birkhoff theorem, 
there is an integrable random variable Ai^ > 1 such that 

n 

^i<T_fcw = + o„(7i), n>l. 

k=l 

Combining this with (3.41), we obtain inequahty (3.50) (with larger random 
variables ^" ). 

Thus, it remains to establish inequality (3.47). Its proof is by induction on k. 
It follows from (5.16) and (3.31) that 

d'{Uoi0r^Lu),Uoi0r,Oj)) < C \Rg^^^ ~ Re^^^\ < C jn - T2 

Since Vi{uj) = ^f''^"^'^ {Uo{(T-iuj)), using (3.33) we derive the inequality 

dlr{V^y{0r,Lu),V^y{er,L^)) < X._i^(l + CL,_,^)|T1 -r2|", 

which coincides with (3.47) for k ^ 1. Let us assume that (3.47) is true for 
k — m and prove it for fc = m + 1. In view of (5.23), the random finite 
set Uf(^{uj) satisfies the inequality 

d^{UliiVi),Ul{i02)) < d^(K^(a„u;i),T/^(a™W2)), 

where tUi — 9^1^ ior i ~ 1,2. It follows that 

dv{VZ+A^i),Vl^i{i^2)) < if._,.{|Ti - + d^(y^(a„c.i), V;^(a,„c.2)) }. 

The induction hypothesis now implies inequality (3.47) with k = m + 1. The 
proof of Theorem 3.6 is complete. □ 

As in the case of Theorem 3.2, inequality (3.34) holds for B = Au with 
C{B) = r. Furthermore, if the group of shift operators {(Jk} is ergodic, then 
the Holder exponent in (3.35) is a deterministic constant (cf. Remark 3.4). 
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Finally, if V'fe''^) -R^) a^^d K^j do not depend on w for some y = yo €Y, then the 
exponential attractor A^^" constructed in the above theorem is also independent 
of (jj. Indeed, was defined in terms of V'^'^j -^iii and the random finite 
sets Uj!{uj) that form (5- nets for the random compact sets C^{uj). As is mentioned 
after the proof of Lemma 5.5, these <5-nets are independent of uj if so are the 
random compact sets to be covered. Using this observation, it is easy to prove 
by recurrence that C^°(a;) and C/^°(a;) do not depend on u, and therefore the 
same property is true for the attractor M"^". 

3.3 Exponential attractor for continuous-time RDS 

We now turn to a construction of an exponential attractor for continuous-time 
RDS. Let us fix a bounded closed interval F C K and consider a family of 
RDS = {iff^ : H ^ H,t > 0}, y e Y. We shall always assume that the 
associated group of shift operators 6*4 : 57 — > satisfies the following condition. 

Condition 3.7. The discrete-time dynamical system {Okro : f7 il, /c G Z} is 
ergodic for any tq > 0. 

Given tq > 0, consider a family of discrete-time RDS tf'^ — {V'fe ^ ^ ^+} 
defined by 

^riu)^^lroM^ U^H, fc>0, UJ^n. 

with the group {a^ — Okroik G Z} as the associated family of shift operators. 
The following theorem is the main result of this section. 

Theorem 3.8. Suppose there is tq > such that the family ^y G Y} satis- 
fies Condition 3.5, in which T = [— ro,To] and the measurable isomorphism 6^ 
coincides with the shift operator. Furthermore, suppose that Condition 3. 7 is 
also satisfied, A-^ — Bv{RZ) is a random absorbing set for , and the map- 
ping 

{t,T,y,u)^ipf^^{u), M+ X [-ro,To] X y X y ^i/, (3.51) 

is uniformly Holder continuous on compact subsets with a universal determinis- 
tic exponent. Then there is a random compact set (y, w) i~> in H with the 
underlying space Y x such that the following properties hold. 

Attraction. For any y ^Y , the random compact set Ai^ is an exponen- 
tial attractor for . Moreover, the fractal dimension of M.-^ is bounded by a 
universal deterministic constant, and the attraction property holds for the norm 
of V uniformly with respect to y d Y : 

dv{^r{B),MlJ<C{B)e-f\ t>0, y €Y. (3.52) 

Here B <Z H is an arbitrary ball, C{B) and (3 are positive deterministic con- 
stants, and the inequality holds with probability 1. 

Holder continuity. The function {t,y) 1— >■ A^g^^^ is Holder- continuous from 
y X M to the space of random compact sets in H with the metric dj^. More 
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precisely, there is ^ £ (Oil] such that for any T > and an almost surely finite 
random variable P^j^t we have 

d'H{Ml^^MU<P.A\ti-t2[' + \yi-y2\'<) (3.53) 

for yi,y2 e Y, ti,t2 G [-T,T], and uj £ Q.. 

Proof^^Y rescaling the time, we can assume that tq = 1. Let us denote 
by {A^-^} the random compact set constructed in Theorem 3.6 for the fam- 
ily of discrete-time RDS tf'*' and define 

Ml^ [j ^V'-'^{Ml_J. (3.54) 
Te[o,i] 

We shaU prove that {M^} possesses all the required properties. 

Step 1: Measurability. Let us show that {y,uj) i— > is a random compact 
set. We need to prove that, for any u £ H, the function 

{y,uj)^ inf 
veMZ 

is measurable. To this end, we shall apply Proposition 5.6 to the family of 
compact sets 

(y, ^ /C(,,„) ^ {{T,u)e [0,1] X H -.ue Ml_^J 

and the random mapping 

V'fe,,.) : [0, 1] X ^ H, (r, u) ^ ifi f-^'^iu). 

It is straightforward to see that M.-^ = ip{y,Lj){^(v,uj))- If we prove that 4'(y,u) 
and /C(y^tj) satisfy the hypotheses of Proposition 5.6, then we can conclude 
that M.^ is a random compact set in H. 

For any fixed {y,oj), the mapping (r, m) i— > ^p(^y^^^{T,u) is continuous. On 
the other hand, the measurability in w and the continuity in y of the mapping 
<Pr'^"^"(w) imply that, for any fixed {t,u), the mapping ^p(^y ,^^{T,u) is measur- 
able. Furthermore, for any (r, u) G [0, 1] x H, the mapping 

{y,uj) inf (|t — t'I + IIu — It'll) = inf ( inf ||u — u 

is measurable, so that /C(y,a;) is a random compact set. Thus, the application of 
Proposition 5.6 is justified. 

Step 2: Semi-invariance. Since {Al^} is an exponential attractor for the 
discrete-time RDS iP'^, for any y (zY with probability 1 we have 

^riMDcMl^, k>0. 
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It follows that, for any rational s £ R and y €Y, the inequality 

^f^^iMlJcMl^^^, fc>0, (3.55) 

takes place almost surely. The continuity in (s, y) of all the objects entering 
inequality (3.55) implies that it holds, with probability 1, for all s £ R, y S Y, 
and fc > 0. The semi-invariance can now be established by a standard argument. 
Namely, for any r 6 [0, 1] and t > 0, we choose an integer fc > so that 
cr = t + T — fcG [0, 1) and write 

where we used (3.55) to derive the first inclusion. Since the above relation is 
true for any r G [0, 1], we conclude that Ad]^ is semi- invariant under 

Step 3: Exponential attraction. We first note that, with probability 1, 

supdy(^r(-^-),-M^,^) < re-P\ fc > 0. 

cf. discussion following Theorem 3.2. It follows that 

supdy(^f^"(A,.),X^^_) <re-^^ fc>0, (3.56) 

where the inequality holds a.s. for all rational numbers s G R. The continuity 
in s of all the objects entering inequality (3.56) implies that, with probability 1, 
it remains true for all s G R. We now fix an arbitrary ball B C H and denote 
by T{B) > the instant of time after which the trajectories starting from B 
are in Ae^cu- For any t > T{B) + 1, we choose s G [T{B),T{B) + 1) such that 
fc := t — s is an integer and use the cocycle property to write 

Taking the supremum in y € Y and using (3.56), we obtain 

snpdv{^nB),Ml^) < re-'"^ < r e^^^^+^e"^*. 

This proves inequality (3.52) with C{B) = re^(^)+^ 

Step 4- Fractal dimension. As was established in the proof of Theorem 3.2, 
the fractal dimension of Ad}^ admits the explicit bound (see (3.26)) 

TO In 2 
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where is the random variable defined in (3.22). Since the group {(Tk} is 
ergodic, is constant, and diniy(A^^) can be estimated, with probability 1, by 
a constant not depending on y and uj. Since the function r n- tpr'^~^'^ {u) and 
r I— > A4g ^ are Holder continuous with a deterministic exponent, it is easy to 
prove that the fractal dimension of is bounded by a universal constant. 

Step 5: Time continuity. Since mapping (3.51) is Holder continuous, the 
required inequality (3.53) will be established if we prove that (3.53) is true 
for A4^. However, this is an immediate consequence inequalities (3.35), (3.36) 
and the ergodicity of the group of shift operators {cTfe}. The proof of the theorem 
is complete. □ 

As in the case of discrete-time RDS, if ipt''^ , R^, and the random objects 
entering Condition 3.5 do not depend on u for some y^, then the exponential 
attractor AA^^ is also independent of uj. This fact follows immediately from 
representation (3.54), because (/3t°' and A^g" ^ do not depend on uj. 



4 Application to a reaction— diffusion system 
4.1 Formulation of the main result 

In this section, we apply Theorem 3.8 to the reaction-diffusion (1.1) in which the 
amplitude of the random force depends on a parameter. Namely, we consider 
the equation 

u - allu + f{u) = h{x) + S'qit.x), x e D, (4.1) 

where D C M" is a bounded domain with smooth boundary and e G [—1,1] is 
a parameter. Concerning the matrix a, the nonlinear term /, and the external 
forces h and ry, we assume that they satisfy the hypotheses described in Sec- 
tion 2.2, with the stronger condition p < for n > 3. Moreover, we impose 
a higher regularity on the external force, assuming that 

oo 

heH^{D,R'')nH^{D,R''), ^s-.^^Xp^j <oo, (4.2) 

where Aj denotes the j"^ eigenvalue of the Dirichlet Laplacian. This condition 
ensures that almost every trajectory of a solution for Eq. (4.1) with / = is 
a continuous function of time with range in H^. The following theorem is the 
main result of this section. 

Theorem 4.1. Under the above hypotheses, for any e G [^1,1] problem (4.1), 
(1.2) possesses an exponential attractor Moreover, the sets can be 

constructed in such a way that A^[J, does not depend on uj, the fractal dimension 
of Ail, is bounded by a universal deterministic constant, the attraction property 
holds uniformly with respect to e, and 

dh{Ml\M'j)<P^\ei-e2V /or ei, £2 € [-1, 1], (4.3) 
where 7 G (0, 1] is a constant and is an almost surely finite random variable. 
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To prove this result, we shall apply Theorem 3.8. For the reader's conve- 
nience, let us describe briefly the conditions we need to check, postponing their 
verification to the next subsection. 

Recall that H — L^, V = Hq, and the probability space (r2,J^, P) and 
the corresponding group of shits operators 9t were defined in Section 2.2. The 
ergodicity of the restriction of {9t} to any lattice tqZ is well known (see Condi- 
tion 3.7), and the Kolmogorov e-entropy of a unit ball in V regarded as a subset 
in H can be estimated by Ce"", where n is the space dimension (see the fourth 
item of Condition 3.5). We shall prove that the following properties are true for 
a sufficiently large tq > 0. 

Absorbing set. There are random variables R^,Rcj > such that < R^ 
for aU e G [-1, 1], R e L'?(ri,P) for any g > 1, and for any ball B C H and a 
sufficiently large T{B) > we have 

u'''^'^it;uo)eBviRl^J for t > r(S), |t| < To, |£| < 1, e S, (4.4) 

where u'^''^{t;uo) denotes the solution of (4.1), (1.2), (1.3). Moreover, i?^ satis- 
fies inequality (3.31) with yi = Si E [—1, 1] for an integrable random variable 
and a deterministic constant a E (0, 1]. 

Stability. There is r > such that 

u'''^{to;uo) eBviRl^J for\e\<l,uoeOr{Bv{R'J). (4.5) 

Holder continuity. There is a > such that, for any T > and any random 
variable r^^ > all of whose moments are finite, one can construct a family of 
random variables > 1 satisfying the inequalites 

< K'J'^' (|£i - -I- |ti - ral" + hoi - W02II + \ti - ial"), (4.6) 

< K'J''- (|£i - e2| + |ti - ral" + ll^oi - uo2\\), (4.7) 

where |£i| < 1, \n\ < tq, < U < T, uqi & i3y(r^), uo* e Bniruj), and we set 
K^'^''^^ = ma,x{K^^ , K^^}. Moreover, there is a random variable K^^ belonging 
to L9(rj, P) for any g > 1 such that < for aU £ e [-1, 1]. 

We shall also prove that the random variables i?° and are constants. 
If these properties are established, then all the hypotheses of Theorem 3.8 are 
fulfilled, and its application to the RDS associated with problem (4.1), (1.2) 
gives the conclusions of Theorem 4.1. 

4.2 Proof of Theorem 4.1 

Step 1: Absorbing set. Let U^'^{t) be the unique stationary solution of the 
equation 

ii- al\u^ eri{t,x), t e R, (4.8) 
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supplemented with the Dirichlet boundary condition (1.2). It is straightforward 
to see that, with probabihty 1, 

U'''^-'^{t) ^ eU'^{t + T), t,TeR, (4.9) 

where U'^{t) = U^''^{t). Using the Ito formula and the regularity assump- 
tion (4.2), one can prove that 



2 



\U-{s)\\id.s 



C(l + |i|), (4.10) 



where (5 > and C > are deterministic constant, and the supremum is taken 
over t €M.. Moreover, by Proposition 5.8, inequality (5.31) holds for U. 
Solutions of (4.1), (1.2) can be written as 

u='»-"(i,x) =£C/"(t + T,x)+w^'^'"(i,x), (4.11) 

where v = v^''^''^ is the solution of the problem 

V - aAv + f{v + eU'^{t + t)) = h{x), (4.12) 
HoD^O, (4.13) 
v{0,x) = vo{x), (4.14) 

where Vo{x) = Uo{x) — e U'^{t, x). In what follows, we shall often omit the sub- 
scripts e and w to simplify notation. We wish to derive some a priori estimates 
for V. Since the corresponding argument is rather standard, we only sketch it. 

Taking the scalar product of (4.12) in and carrying out some transfor- 
mations, we derive 

dtWvf + cidkf -f Ml + MlXl:) <C,{1 + \\h\W + \\eU\\l\l), (4.15) 

where U = [/"(• + t), and we used inequalities (2.5), (2.6), and (2.8). Let us fix 
any 5 G (0, ci). Applying the Gronwall inequality, using the continuity of the 
embedding C L^^^, and recalling that |t| < tq, we obtain 

Ht)f + ci /* e-^^(*--) {Ml + Mltl) da < e-^^'\\vo\\' + (4.16) 
Jo 

where we set 

Rl;' = C, f e'^{l + \\h\W + \\eU-{a + T,)r+')da. 

J —oo 

We now derive a similar estimate for the norm of v. Taking the scalar 
product of (4.12) with — 2(t — s)Ai> in L^, after some transformations we derive 

dt{{t-s)\\Vvr)+C2{t-s)Ml 

< w^vf + c^it ,s)(i + \\hr + Mi'.i + Ik ur+'). 



■^For instance, see Proposition 2.4.10 in [KS12] for the more complicated case of the Navier- 
Stokes system. 
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Integrating in i G (s, s + 1), we obtain 

rs + l 

\\\7v{s + l)f + C2 J {a ~ s)\\Av\\''da 



where C3 = C2(l + Taking s = t — 1 and using (4.16) to estimate the 

second term on the right-hand side, we obtain 



\\vmi<Cs + C,{e-^^'\\vor + Rlll)+C2Rl:'^, t>l, (4.17) 
where we set 

R'f= f e^(-+3)||eC/-(a + ro)|ir^da. 

— 00 

Let us define Rlj by the relation 
{Rlf = 8(1 + C3 + CiRl^^ + C^R'f + sup(e^('^+2-'') 1|£ C/"(a + tq) ||?)) (4.18) 

^ (T<0 ' 

and set R^ = R^. It is clear that < R^ for all e G [—1, 1]. Relations (4.11) 
and (4.17) imply that 

h-'«^-(t)||?<2C74e-^^*(||uof + lkf/"(r)f)+4-i(i?^^j2-l, t>l, (4.19) 

whence we see (4.4) holds for any ball B C H and a sufhcicntly large T{B) > 0. 
Moreover, it follows from (4.10) and (4.18) that all the moments of R^^ are finite. 
Finally, Proposition 5.8 and the stationarity of U imply that i?^ satisfies (3.31) 
with a constant a G (0, 1/2) and an integrable random variable L^. 

Step 2: Stability. It follows from (4.18) that the stability property (4.5) with 
parameters r > and tq > will certainly be satisfied if 

2C4e---«((i?^ + r)2 + \\eU-{T)r)+4-\Rl^^J' - 1 < {R^^^S ■ (4-20) 

Let us note that 

{Rl^f>e-'\Rl,)\ t>0. (4.21) 
We now take an arbitrary r > and choose tq > so large that 

4C4e"'=i"'"r2 < 1, 16C4e"('=i"'^')^° < 1. 

In this case, inequality (4.20) holds, so that the stability condition is fulfilled. 

Step 3: Holder continuity. Representation (4.11) implies that it suffices to 
establish analogues of (4.6) and (4.7) for solutions of problem (4.12)-(4.14). 



•^To have an absorbing set, one could take for Rl}^ the integral of \\eU"{(T + To)||2^"'^ in 
a g [—3, 0] . However, in this case the stability condition may not hold, and therefore we 
define -Rj,'^ in a different way. Our choice ensures that (4.21) holds for the radius of the 
absorbing ball. 
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Namely, we first prove that for any random variable > with finite moments 
there is a family of almost surely finite random variables such that 

\\vi{t) - < K^J'^^dleiW^' - e2U^^\L^(o,T;m) + ||«oi - «02||), 

(4.22) 

||«i(to) - «2(to)||i < K'J''-{\\eiU'^' - e^U^^lL^io,^,;^) + Ikoi - «02||), 

(4.23) 

where \ei\ < 1, \Ti\ < tq, < t < T, VQi e Bniruj), and we set oJi = 0^^^, 
Vi{t) = v^^''^^''^, and K^^'^^ = max{K^^ , K^^}. Moreover, our proof will imply 
that < for all e G [—1,1], where the random constant K belongs to 
L'?(r2,P) for any q > 1. Once these properties are established, the Holder 
continuity of U'^{t) and relations (4.10) and (4.11) will prove inequalities (4.6) 
and (4.7) with ti = ^2- We shall next show that the solutions of (4.12)-(4.14) 
with vq E -By(fLj) satisfy the inequality 

\\v''^''^{h;vo)-v''^'^{h;vo)\\<K\t,-t2r, ^1,^2 e [0,T], (4.24) 

with possibly a larger random constant with the same property. This will 
complete the proof of the property of Holder continuity and that of Theorem 4.1. 

We begin with (4.22). To simplify the presentation, we shall assume that 
n > 3. In what follows, we denote by {K^j'^.e G [—1, 1]} (where i > 1) families 
of random variables that can be bounded by a random constant belonging to 
L'(ri,P) for any q>l. The difference v — vi — V2 satisfies the equation 

V -aAv + f{ui) ~ f{u2) ^0 (4.25) 

and the boundary and initial conditions (4.13) and (4.14), where Ui — Vi + eilf^ 
and ■^o = Vol — vo2- Taking the scalar product of (4.25) with 2v in and using 
the "monotonicity" assumption (2.7), we derive 

dt\\v\\^ + 2c3||V«||2 < -{f{ui) - f{u2),v) 

< c\\vr + c.miL. + iii^ir^^iu. + iii«2r^^iiL0ikiii 

< CM' + cswvvr +c,{i + \\ui \\f^-'^ + \\u2Cz''') ml 

where q — and ^ — eilf^^ — e2U'^^. Applying the Gronwall inequality, we 
obtain 

lkWf+C3 /^^(*--)||V^;fda<e^*l|^;of+C7max{ifS'^i^S■2|||^||2^ 
Jo 

(4.26) 

where < t < T, Cj ^ CjiT), and we set 
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Inequality (4.26) immediately implies (4.22). 

To prove (4.23), we first note that, in view of (4.26), there is a measurable 
function s : -H> M such that, with probability 1, we have s^j £ [-j-, ^] and 



Let us take the scalar product of (4.25) with — 2A?; in L^. After some transfor- 
mations, we obtain 



5,||Vz;f + 2c4||AHP<C8(l + hi||^-U) + h2ll^;Ln)ll«+ek (4-28) 



where q = -^z^- Since C L'' and C L"-^p ^\ applying the interpolation 
and Cauchy-Schwartz inequalities, from (4.28) we derive 



dt\\s7vit)r + C4 iiA^;f < ^9(1 + \\u,\\t^'-'^ + \\u2\\t^^-'^) (ii«f + mi)- 



Integrating in i G [scj,tq] and using (4.26), (4.27) and (4.19) (we can assume 
that To > 4), we obtain (4.23). 

It remains to establish inequality (4.24). We shall only outline its proof. 
Taking the scalar product of (4.12) with —2Av and using some standard argu- 
ments (cf. derivation of (4.17)), we obtain 



It follows that V is Holder continuous with the exponent 1/2. Since is also 
Holder continuous in time, in view of (4.11) we arrive at the required result. 
Finally, it is not diffucult to see that the random variables i?" and are 
constant. The proof of the theorem is complete. 

5 Appendix 

5.1 Coverings for random compact sets 

In this section, we have gathered three auxiliary results on coverings of random 
compact sets by balls centred at the points of random finite sets. The first of 
them establishes the existence of a "minimal" covering with an explicit bound 
of the number of balls in terms of the Kolmogorov e-entropy of the random 
compact set in question. 



(4.27) 




Combining this with (4.10) and (4.12), we see that 
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Lemma 5.1. Let {-4^^} he a random compact set in a Hilhert space H. Then 
for any measurable function S = S^j satisfying the inequality < 6 < I one can 
construct a random finite set Us{ui) C H such that for 

d'{A^,Us{uj)) <S^, (5.1) 
ln{ifUsiu)) <ns^/^iA^,H). (5.2) 

Moreover, if 6,^ = 6 is constant, then one can replace 5^/2 in the right-hand 
side (5.2) by S. 

Note that inequality (5.1) is equivalent to the inclusions 

Au^C y BHiu,Su,), Usiu^) cOs^iAu:). (5.3) 

Proof. We first assume that 6u: = 6. Let {uk} C H he a. dense sequence. For 
any k = {fci, . . . , fc„} C N, define the random varable 

I 0, otherwise. 

Since A^j is a (random) compact set, for any uj there is a finite subset fc C N 
such that Zi^{k) = 1. Let f2„ be the set of those G for which there is an 
n-tuple k C N such that Zi^{k) = 1 and Z^{k') = for any subset fc' C N 
containing less than n elements. Then we have fl — U„>i57„. Furthermore, 
since r2„ is the intersection of the measurable sets 

fl {Z^k) - 0} and |J {Z^k) = 1}, 

#fc=n-l #fe=ri 

we have f2„ £ J- for any n > 1. Thus, it suffices to construct Us on each 
subset fin- 

Indexing the set of all n-tuples fc C N in an arbitrary way, it is easy to 
construct measurable functions Ik '■ ^ {0, 1} such that, for any uj e r2„, we 
have 

i^k{Lu)^n, A^C [j BH{uk,S), BH{uk,S)nAuj 0, (5.4) 

kek(u) 

where k{uj) = {fc G N : /fe(w) = 1} and k G k{uj) in the third relation. We claim 
that Us{io) = {uk,k G k{Lu)} satisfies the required properties. Indeed, for any 
It G -ff , we have 

d{u, Us{uj)) = min{I|M - Ufe|| : Ik{uj) = 1}, u £ r2„, 

whence it follows easily that Us{uj) is a random finite set. Furthermore, inclu- 
sions (5.3) (which are equivalent to inequality (5.1)) are consequences of the 
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second and third relations in (5.4). Let us prove that inequality (5.2) holds 
with (5(^/2 replaced by S^^; that is, 

liin<n5iA^,H) forwGl7„. (5.5) 

To see this, note that the set Aui admits a covering by balls {Bj} such that 

ln(#{Bj}) < HsiA^,H), diani(Bj) < S. 

Choosing arbitrary points u^j in every ball Bj , we see that one can cover Auj by 
the balls {Bniuk ,S)}. The choice of n now implies that n < ^{Bj}, whence 
it follows that (5.5) holds. 

We now turn to the case of an arbitrary function 5ai such that < Suj < I- 
Let us define n(>''> = {w G 1^ : 2"'= < < 21"'=}, so that Q = Ufe>if}('=). In 
view of what has been proved above, on each fl^'''> one can construct a random 
finite set Uk{u}) such that, for uj e ri'-*^-', we have 

d^(X,C/fe(w)) < 2-^ ln(#C/fc(w)) < H2-.-(X,-ff). 

Setting Us{uj) = Uk{uj) for uj e we obtain the required covering. The proof 
of the lemma is complete. □ 

The second result shows that, if a random compact set depends on a param- 
eter in a Lipschitz manner, then the random finite set constructed above can 
be chosen to have a similar dependence on the parameter. To prove it, we shall 
need the following auxiliary construction. 

Let us denote by A„ C M" the set of vectors = {9i, . . . ,9n) such that 
9i > and J2i 9i — ^- Given subsets Wi (Z H , 1 < i < n, a vector 9 £ A„, and 
a ntimber a > 0, we define 

[Wi,.. .,Wn]0 l^9iU, : Ui e Wi, - u^Wh < a for 1 < i, j < ni . 

It is straightforward to check that 

ln{#[Wi, . . . ,Wn]^) <H#Wi) + ■ ■ ■ + H#Wn), (5.6) 
d'{[W,,...,Wn]'^,,[Wi,...,Wn]'^.) <a\9' -9^1 (5.7) 

where 9^ = i9{, ...,9^) and \9^ -9^\^ max^ \9} - 9f\. Moreover, if A C H and 
Ti > are such that 

^ C IJ BH{u,r,), l<i<n, 

u£Wi 

then for any 9 G A„ we have 

Ac IJ BH{u,ma.x{ri,l < i < n}), (5.8) 
•ue[Wi,...,iy„]^ 

where r = maxjr^ + r-j , 1 < i, j < n}. 
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Proposition 5.2. Let Y C be a closed interval and let {A-^,!/ 6 Y} be a 
family of random compact sets in a Hilbert space H such that 

d^Al\Ayj)<C\y,^y2\ fory^.y^^Y, (5.9) 

where C > 1 is a finite random constant. Then there exists a random finite set 
{6,y,uj) Us^y{uj) with the underlying space (0, 1] x F x such that 

d'{Ay,Us.y{uj)) <S, (5.10) 

lii{#Us,y{Lo)) <AH2-^s{Al,H), (5.11) 

d'{Us,^y, (uj), Us,,y.M) < c {\Si -S2\ + C \yi - yzl), (5.12) 

where y, 2/1,2/2 € Y, 6,61,62 € (0, 1], and c>l is an absolute constant. 

In particular, taking a measurable function 6 — 6uj with range in (0, 1], we 
can construct a random finite set {y,uj) M- Us^y{uj) such that 

d'{Us,yA^),UsM) <cC\yi-y2l (5-13) 

and inequalities (5.10) and (5.11) hold with 6 — 6uj in the right-hand side. 

The proof given below will imply that if A-^ does not depend on uj for some 
y = 2/0, then the random set Us^y{uj) satisfying (5.10)-(5.12) can be chosen in 
such a way that Us^yg{uj) is also independent of uj. Furthermore, if A-^ does 
not depend on uj for all y G Y, then Us^y is also independent of w. The latter 
observation implies the following corollary used in the main text. 

Corollary 5.3. Let V (Z H be two Hilbert spaces with compact embedding. Then 
there is a random finite set (6, R) M> Us,ii with the underlying space (0,1] x 
such that 

d'H{Bv{R),Us,R) <6, (5.14) 
H#Us,r) <4ns/ieB.iV,H), (5.15) 
d'H(Us,R,,Us,Rj < c\Ri - R2\, (5.16) 

where i?, _Ri,i?2 > and 6 G (0,1] are arbitrary, and c > is an absolute 
constant. 

To prove this result, it suffices to apply Proposition 5.2 to the non-random 
compact set Bv{R) depending on the parameter R e R4.. 

Proof of Proposition 5.2. Without loss of generality, we assume that the random 
variable C is constant, since one can represent as the union of the subsets 
0,1 = {lj ^ U, : I < C <^ + l} and construct required random finite sets on 
each 0,1. 

Let us fix an integer A; > 1 and denote by Vk < C^^2^''^^ the largest number 
such that Nk '.= ly^^ is an integer. We now set yj — jv^ for j G Z+. In view of 
Lemma 5.1, there are random finite sets U^{iS) C H such that 

dAAyj,U^{Lo))<2-'-\ (5.17) 
ln(#[/j=(c^)) <n2-^-Ml\H), (5.18) 
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where we write yj instead of i/j to simplify the notation. We now need the 
following lemma, whose proof ^ is given at end of this section. 

Lemma 5.4. Let Ai, . . . , A4 be the vertices of a rectangle 11 C M^. Then there 
are Lipschitz functions 6*^ : 11 — )■ [0, 1], 1 < i < 4, such that 

4 4 
Y,0^{A)^1, = ^ for A en. 

1=1 1=1 

Let 9i{A), 1 < i < 4, be the functions constructed in Lemma 5.4 for the 
rectangle U = [2^'^ ,2''-^''] x [yj,yj+i]. For 2"''' < 6 < 2^^^ and yj < y < yj+i, 
denote by As^y G H the point with the coordinates {S,y). Let us define 

where 0{S,y) — {9i{AsA,l < i < 4) G A4. We claim that Us^uo) satisfies the 
required properties. 

Indeed, it follows from the choice of yj that 

d\Al',Al)<2-'^-^ for < y < y,+i. (5.19) 

Combining this with (5.17), we see that 

d^(^^,C/j=(Lj)) < 2-'=-2. (5.20) 

Inclusion (5.8) now implies that 

d{Al, Us.yiio)) < 2-'=-2 < s/A. (5.21) 

On the other hand, the definition of Us.y{uj) and inequality (5.20) imply that 

d{UsAuj),Al) <2-'^ <S. 

Combining this with (5.21), we obtain (5.10). 

Inequality (5.19) implies that an e-covering for A^jj with yj < y < yj+i is an 
(e + 2~'^~^)-covering for Au ■ Taking e = 2~''~^, we see that 

H2-.-siAyj,H)<n2-^-4Al,H). 

Combining this with (5.18) and (5.6), we obtain (5.11): 

ln(#[/5^y(c^)) < An2-^-siAl^,H)<4n2-^MAl,H) < m2-^s{Al,H). 

Finally, inequality (5.12) follows from (5.7) and the explicit form of the func- 
tions e.i[A) (see (5.24)): 

d'{Us,,y,,Us,,y:) < 2-''-^\9{As,,yJ-e{As,^y,)\ 

< 2-'=-i(i.fc2-^)-i(i.fc|5i - 52I +2-^-|yi - j/2|) 
<l\Si-S2\+8C\y,~y2\. 
The proof of the proposition is complete. □ 
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Figure 1: Division of 11 into four rectangles 



And, finally, our third result refines Proposition 5.2 in a particular case. 

Lemma 5.5. Let Y be an arbitrary metric space, let IC d H be a compact 
subset, let {y,oj) H> F^(cj) be a random finite set, and let 

Al= U (v + IC). 

Then there is a random finite set {S,y,uj) i~> Us^y{i-o) with the underlying space 
(0, 1] X F X _ff such that (5.10) holds, and 

ln{i^Us,y{uj)) < H#V''{io))+Hs/2{lC,H), (5.22) 

d'{Us^yA^i),Us^yA^2))<d''{vyHuo^),vy-{w2)). (5.23) 

Proof. Applying Lemma 5.1 to the random compact set 5 i— >■ 51C with the un- 
derlying space (0, 1], we construct a random finite set 6 ^ Us such that 

d'{5JC, Us) < <5^ ln(#;75) < ns2/2{SIC, H) = 7^5/2(/C, H). 
It is straightforward to see that the random set 

Us,y{oj) = S-^Us + Vy{uj) = {5-\i + v:u€U5,v€ Vy{uj)} 

possesses all required properties. □ 

As is clear from the proof, if ¥^{10) does not depend on uj for some y — yo, 
then the random set Us.ygioj) constructed in Lemma 5.5 is also independent 

of U!. 

Proof of Lemma 5.4- Given a point A e 11, we divide the rectangle 11 into four 
smaller rectangles 11^ (see Figure 1). It is easy to prove that the functions 



9M) = 

possess the required properties. 



Area(ni) 
Area(n) ' 



1 < i < 4, 



(5.24) 
□ 



■^We thank A. Iftimovici for the simple geometric argument proving Lemma 5.4. 
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5.2 Image of random compact sets 

Proposition 5.6. Let X and Y be Polish spaces, let be a measurable 

space, let {/C(^,w 6 fl} be a random compact set in X, and let ijj^ : X ^ Y 
be a family of continuous mappings such that, for any u G X , the mapping 
UJ h-s- il^uiiu) is measurable from to Y. Then {'>pi^{IC^),uj G fJ} is a random 
compact set in Y . 

Proof. Let us set fix u G F and define a function F„ : O — ^ M by 
Fu{uj) ^ dY{u,i>uj{ICuj)) = inf dyiu^ipujiv))- 

We need to prove that this function is measurable. Let {uk} C X be a dense 
sequence. Repeating the argument used in the proof of Lemma 5.1, we can 
construct a sequence of random finite sets fC" C {wfe} such that 

d$,{IC^,ICZ)<^, (5.25) 

/C:; = K,4"H = 1}, (5.26) 

where IJ^ : ^ {0, 1}, k,n > 1, are measurable functions. It follows from (5.25) 
that 

Fuic^) = hminf F^X'^), Ki^) = rfy(«>c.(/CC)). 

n— >oo 

Thus, it suffices to establish the measurability of F". To this end, note that, in 
view of (5.26), we have 

This relation readily implies the required property. □ 

5.3 Kolmogorov— Centsov theorem 

The Kolmogorov-Centsov theorem provides a sufficient condition for Holder- 
continuity of trajectories of a random process. We shall need the following 
qualitative version of that result. 

Theorem 5.7. Let X be a Banach space and let {i^t, < ^ ^ T} be an X -valued 
random process with almost surely continuous trajectories that is defined on a 
probability space (r2,F, P) and satisfies the inequality 

E||6-6llf <Cp|t-s|P for anyt,s^[Q,T],p>l, (5.27) 

where Cp > is a constant not depending on t and s. Then for any 7 G (0, 1/2) 
there is a constant > and an almost surely positive random variable t-y 
such that 

UtH - U^)\\x < K.,\t - sp for\t-s\<t.,iu), (5.28) 
Ei:r«<oo for any q> I. (5.29) 
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Sketch of the proof. We repeat the argument used in Section 2.2.B of [KS91]. 
Without loss of generaUty, we can assume that T = 1. Let us fix any 7 G (0, 1 /2) 
and introduce the events 

2" 

k=l 

where n > 1 and 1 < fc < 2". It follows from (5.27) and the Chebyshev 
inequality that 

F{nl^'^) < Cp2""P(i-2^). 
Summing up over fc = 1, . . . , 2", we derive 

P(r!„) < Cp2-""^ ap = -l+p(l-27). 

Choosing p > 1 so large that ap > and applying the Borel-Cantelli lemma, 
we construct an almost surely finite random integer no > 1 such that uj ^ il„ 
for n > no{uj) and lu G flno-i if no{uj) > 2. In particular, we have 

liefe/2..M-e(fe-i)/2"MIU >2-''" forn^noM, fc = l,...,2". (5.30) 

As is shown in the proof of Theorem 2.8 of [KS91, Chapter 2], inequality (5.30) 
implies (5.28) with = 2/(1 - 2"'^) and to = 2""". Thus, the theorem wiU 
be proved if we show that E2^"'' < 00 for any q > I. 

To this end, note that {no ~ rn} C 51m-i for any m > 2. It follows that 

00 00 
E2«"« < 29 + ^ 29"P(fl„,_i) < 2« + Cp ^ 2«™-"f 

ni—2 m— 2 

Choosing p > 1 so large that Qp > q, we see that the series on the right-hand 
side of the above inequality converges. □ 

Note that one can rewrite (5.28) and (5.29) in the form 

||6(^) - U^)\\x < C^(w) \t - sr s e [o,r], 

where C-y is a random variable with finite moments. We now apply the above 
result to establish a time-regularity property for the process C/" defined in the 
beginning of Section 4.2. 

Proposition 5.8. For any 7 G (0,1/2) and any T > there is a random 
variable C~,_t > all of whose moments are finite such that 

\\U{t)-U{s)\\2<C^,T\t~ fort,s e[-T,T]. (5.31) 

Proof. In view of the remark following the proof of Theorem 5.7, it suffices 
to check that U satisfies inequality (5.27) with [0,r] replaced by [~T,T] and 
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X = H^. Since U is stationary, we can assume that s — 0. Equation (4.: 
implies that 



U{t)^U{0)= / aAUir)dr + ({t), 
Jo 

whence, applying the Holder inequality, it follows that 

\\U{t) - Umf < 2^^-^||tr(^^' WaAuWldrJ + \\C\\l'^. 

Using (4.10), we see that the mean value of first term on the right-hand side 
can be estimated by C|f|P. Thus, the required inequality will be established if 
we show that 

E\\C\\f< Cp\t\P. (5.32) 

To this end, we note that WCM = J2j ^'jl^ji'^)^ where cj — bjXj. The mono- 
tone convergence theorem and the Burkholder inequality (see Theorem 2.10 
in [HH80]) imply that 



i=i 



;||C||^''- lim E^c2/32(t) <Ci hm E ^c,/3,(t) 
= C,{p) lim (\t\J2c^y <C3{p)\t\P 



2p 



where we used the fact that Cj/3j{t) is a zero-mean Gaussian random vari- 



able with variance tJ2j Cj- This proves (5.32) and completes the proof of the 
proposition. □ 
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